In this paper, we study the uniqueness problems of meromorphic functions and their difference operators. Our main result is a difference analogue of a result of Jank-Mues-Volkmann, which is concerned with the uniqueness of an entire function sharing one finite value with its derivatives. Some recent papers studied the case of entire functions of finite order sharing a periodic small function to f . We consider the case of meromorphic functions of finite order sharing a polynomial, which is a more popular case. Examples are provided for our results.
Introduction and main results
Let C denote the complex plane and f a meromorphic function in the whole complex plane C. We use the following standard notations of the Nevanlinna value distribution theory (see [11, 15, 16] If ρ(f ) < ∞, then we say that f is a meromorphic function of finite order. For a meromorphic function a, if T(r, a) = S(r, f ), where S(r, f ) = o(T(r, f )), as r → ∞, possibly outside of an exceptional set of finite logarithmic measure, then we say that a is a small function of f . We use S(f ) to denote the set of the small functions of f .
For a meromorphic function f (z), we define its shift by f c (z) = f (z + c) and its difference operators by Let f and g be two meromorphic functions, and let P(z) be a polynomial. We say that f and g share P(z) CM, provided that f (z) -P(z) and g(z) -P(z) have the same zeros counting multiplicities.
In 1986, Jank et al. proved the following.
Theorem 1 ([12]) Let f be a nonconstant meromorphic function, and let a be a nonzero finite complex number. If f , f , and f share a CM, then f ≡ f .
Later on, the uniqueness theorem of entire functions sharing a constant with its kth and (k + 1)th derivatives was proved by Li In recent years, the value distribution of meromorphic functions with respect to difference has become a subject of some interests (see [1, 3-5, 7-10, 13] ). Chen et al. [3] proved a similar result analogue of Theorem 1 concerning difference. In 2015, Latreuch et al. studied the case of entire function with its difference analogue of Theorem 2 and Theorem 3 and proved the following. 
Theorem 4 ([13]) Let f be a nonconstant entire function of finite order, and let a(z)
For other related results, see Latreuch, El Farissi, Belaïdi [13] , El Farissi, Latreuch, Asiri [7] , El Farissi et al. [8] .
By Theorems 4 and 6, we naturally have the following problems: (i) Can we get rid of the condition that a(z) is a periodic entire function with period c in Theorem 6? (ii) Since the case n = 1 has been proved by Deng, Liu, and Fang [6] under the condition that a(z) is a polynomial, can we still deduce that f ≡ c f for n ≥ 2? In this paper, we study these problems and give an affirmative answer to them. 
, where e α(z) is a periodic function of period c with deg α = 1, and P(z) is a polynomial of degree less than n; (iii) f (z) = AP(z), where A ( = 0, 1) is a constant, and P(z) is a polynomial of degree less than n.
Corollary 1 Let f be a transcendental entire function of finite order, and let P(z)
where e α(z) is a periodic function of period c with deg α = 1, and P(z) is a polynomial with deg P ≤ n.
Problem 1
In this paper, we study the uniqueness of meromorphic functions of finite order sharing a polynomial with its differences. We have the following question: What can we say if sharing a meromorphic function? What is more, does this result still hold for meromorphic functions of arbitrary order?
In the following, we give three cases to show that all these cases may occur.
Example 1 Let A, c be two nonzero finite complex numbers satisfying e Ac = 2, and let
c f = e Az (n ≥ 1), and for any polynomial P(z), we have f , Example 2 Let P(z) be a polynomial with deg P ≤ n -1, f (z) = (e π iz + 1)P(z), and c = 2.
c f -P = -P, and n+1 c f -P = -P have the same zeros with the same multiplicities, and f = (1 + e π iz )P(z), where e π iz is a periodic function of period c = 2. This example shows that Case (ii) in Theorem 8 exists. 
Lemma 3 ([16]) Suppose that f (z) is a meromorphic function in the complex plane and
Lemma 4 ([15, 16] ) Suppose that f i (z) (i = 1, 2, . . . , n) are meromorphic functions and g i (z) (i = 1, 2, . . . , n), n ≥ 2 are entire functions satisfying
where λ < 1 and k = 1, 2, . . . , n -1, then f n ≡ 1.
Lemma 6 ([16])
Suppose that f (z) and g(z) are two nonconstant meromorphic functions in the complex plane with ρ(f ) and ρ(g) as their orders, respectively. Then
Using the ideas of Chang and Fang [2] and El Farissi et al. [7, 8] , we prove the following lemma. Proof Two cases will be discussed in the following.
Lemma 7 Let f be a nonconstant meromorphic function of finite order, and let P(z)
Firstly, we claim that f (z) cannot be a non-polynomial rational function. Otherwise, sup-
, where a(z) and b(z) are two co-prime polynomials. By equation (2.1), we can get that f , 
which implies that b(z) has infinitely many zeros, a contradiction. Therefore, f (z) is a nonconstant polynomial. Without loss of generality, we assume that
By equation (2.1), it is easy to prove that α(z), β(z) are two constants, then
.
Comparing the degree of two equations, it follows that we immediately have
is a polynomial with degree less than n.
By equation (2.1), we have
e α ( = 0, 1) is a constant, P(z) is a polynomial with degree less than n.
Case 2. f (z) is a transcendental meromorphic function, then T(r, P) = S(r, f ). By equation (2.1), we have
where
and
By mathematical induction, we can deduce that
, e β(z) and their differences.
We rewrite (2.7) as follows:
It is obvious that S(z) and T(z) are all small functions with respect to f (z). If S(z) ≡ 0, we can deduce from equation (2.8) that
So equation (2.9) can be written as follows:
Next, we discuss two cases.
, the order of the left-hand side
but the order of the right-hand side ρ(e α -(-1) n ) = deg α, a contradiction. 
c e -α , and α n = e α-α nc . We consider two subcases as follows.
It is obvious that α n ≡ 0, by Lemma 1 and (2.11), we can get
which is a contradiction. Then by Lemma 4, we deduce that 
where μ j (z) is a polynomial with deg μ j < m -1. Hence equation (2.12) can be written as follows:
It is obvious that
Since ρ(e -μ j (z) ) < m -1 for j = 1, 2, . . . , n, then by Lemma 4
which is a contradiction. We thus proved that deg α
Without loss of generality, we may assume that
where λ 1 ( = 0), λ 2 , η 1 , η 2 are constants. Thus α(z + jc) = α(z) + jλ 1 c, and
Therefore,
which implies that e α(z) is a periodic function with period c.
We claim that e β(z) is also a periodic function with period c, and e λ 2 c = 1.
Otherwise, suppose that e λ 2 c = 1.
Then by equation (2.11), we have
where α 1 , α 2 , . . . , α n (= C n n = 1) are constants. Noticing that e λ 1 c = 1, thus
n-2 e 2λ 2 c -1
If λ 1 = λ 2 , then e β(z+jc) = e β(z) , a contradiction.
If λ 1 = λ 2 , we can rewrite equation (2.13) as follows:
(2.14)
If iλ 2 -(i + 1)λ 1 = 0 for each i = 1, 2, . . . , n, it is obvious that, for 1
then by Lemma 4, we get
which is a contradiction. So there exists one integer j ∈ {1, 2, . . . , n} such that jλ 2 -(j + 1)λ 1 = 0. Without loss of generality, we assume that nλ 2 -(n + 1)λ 1 = 0.
Thus (2.14) can be rewritten as follows:
Since α n = 1, thus e η 1 -α n = 0. We also can deduce by Lemma 4 that α 1 = 0, which means 
By mathematical induction, we have
And by (2.1)
If e α -e n(β-α) ≡ 0, by the above equation, T(r, f ) = S(r, f ), a contradiction.
Thus e α ≡ e n(β-α) , that is, e nβ ≡ e (n+1)α .
At the same time,
If P(z) is a constant, then i c P = 0 for any i ∈ N + , then by (2.18),
Noticing that e α ≡ e n(β-α) , we have e α-β = 1, which implies that e α = e n(β-α) = 1, a con-
tradiction. So P(z) is a nonconstant polynomial, we deduce by Nevanlinna's first fundamental theorem that

T(r, P) = S r, e
α ;
T(r, P) = S r, e β ;
Since α(z) and β(z) are both polynomials satisfying e (n+1)α = e nβ , set (n 2 -n)α 1 n c P -
Hence α is a constant, so is β for β = α + γ . Using the same method as the previous proof, we can deduce by equation (2.1) that
If either e α = e n(β-α) , or e β = e (n+1)(β-α) , we deduce by (2.22) that T(r, f ) = S(r, f ), a contradiction. Thus 
Hence,
We claim that 1 -e β-α = 0.
Suppose 1 -e β-α = 0.
If P(z) is a constant, by (2.24), we have P ≡ 0, a contradiction. If P(z) is a nonconstant polynomial, the degree of the left-hand side of (2.24) is less than that of the right-hand side, a contradiction.
Thus 
Proof of Theorem 8
Proof Since f , n c f , and n+1 c f share ∞ and P(z) CM, and the order of f is finite, then there exist two polynomials α(z) and β(z) such that
By Lemma 7, two cases will be considered in the following. Case 1. f is a rational function. Using the same method as Lemma 7, we have
where A = 0, 1 is a constant, and P(z) is a polynomial with deg P(z) ≤ n -1.
Case 2. f is a transcendental meromorphic function, then T(r, P) = S(r, f ). Set
F(z) = f (z) -P(z),
then T(r, F) = T(r, f ) + S(r, f ), and T(r, P) = S(r, F).
It follows that
Then (3.1) can be written as
Two cases will be discussed in the following.
(r, P) = S(r, F), by Lemma 2, we have m(r, φ) = S(r, F).
Since
then we can rewrite φ(z) as follows:
4) and it is obvious that N(r, φ) = S(r, F). Hence T(r, φ) = S(r, F).
By (3.4),
thus by Nevanlinna's second fundamental theorem,
Noticing that T(r, φ) = S(r, F) and T(r, P) = S(r, F), we have T(r, e α(z) ) = S(r, F), so
T(r, e α(z) ) = S(r, f ).
And by (3.5), we also get T(r, e β(z) ) = S(r, f ).
Therefore, by Lemma 7, we have f ≡ c f since f is a transcendental meromorphic function.
Case 2.2. φ(z) ≡ 0. By the definition of φ(z), we have
which implies
Since P(z) is a polynomial, then e α-β is a constant. Assume that e α-β = A, then
Comparing the coefficients of both sides of equation ( 
(3.9)
By the definition of nth difference,
Then we can deduce that
By mathematical induction,
Using the same method, we have
Define that
Let ν = Pe -α , and note that
By (3.13) and (3.14), we have
that is,
It is obvious that ρ(γ i (z)) ≤ deg α -1 for each i ∈ {1, 2, . . . , n, n + 1}. Let
Thus by (3.15)
Then we rewrite (3.16) as follows:
Next, we consider three cases.
we claim that γ n+1 (z) ≡ 0. Otherwise,
It is obvious that (-1)
e α (n+1)c -α ic cannot be constants C i ( = 0), and note that ρ(e α (n+1)c -α ic ) ≥ 1, hence by Lemma 3,
, but it contradicts with the fact that e α (n+1)c -α nc is a transcendental entire function. Thus γ n+1 (z) ≡ 0. Therefore, we rewrite (3.17) as follows:
Obviously,
cannot be constant C j ( = 0), thus by Lemma 3, we have (3.17) , by Lemma 3, and by the same method as Case 2.2.1, we also deduce a contradiction.
If γ n+1 (z) ≡ 0, without loss of generality, we assume that α(z) = λz + μ, λ = 0, then
Since deg P ≤ n -1, without loss of generality, we assume that
where t is a positive integer satisfying 1 ≤ t < n, and s( = 0) ∈ C. We assume that the coefficient of
Since γ n+1 (z) ≡ 0, then A = 0, two subcases will be considered in the following. 
Now we have
n-i P ic -P = e -α P -P = e -α -1 P.
By (3.13), 0 = 1 -e α F + e -α -1 P,
1 -e α P = -e -α P, then f = F + P = 1 -e -α P.
Thus, 
